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2nd Year
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2nd Year

3rd Year 4th Year
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2nd Year

3rd Year 4th Year
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What do you expect to get from 

this course?
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General Discussion
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➢ Chapter 1: Numbers, Sets, and Functions.

➢ Chapter 2: Limits and Continuity.

➢ Chapter 3: Derivatives and Differentiation Rules.

➢ Chapter 4: Applications of Differentiation. 

➢ Chapter 5: Integrals.

➢ Chapter 6: Techniques of Integration.

➢ Chapter 7: Applications of Definite Integrals.
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Course Syllabus



• Numbers and Sets.

• Representations of Functions.

• Domain & Range of Functions.

• Algebra of Functions.

• Increasing and Decreasing.

• Test for Even and Odd Functions.

• Types of Functions and their Graphs.

• Transformations of Functions.
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Chapter 1 Topics



The simplest numbers are the “counting numbers”

1, 2, 3, …

The fundamental significance of this collection of

numbers is emphasized by its symbol N (for natural

numbers). Also, begin the natural numbers with 0, to be

0, 1, 2, 3, …

Also called the whole numbers.

21©Ahmed Hagag

Numbers (1/5)

Calculus
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Numbers (2/5)

Calculus
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Numbers (3/5)

Calculus
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Numbers (4/5)

Calculus
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Numbers (5/5)

Calculus



A set is an unordered collection of objects.

The objects in a set are called the elements, or 

members, of the set. A set is said to contain its 

elements.
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Sets (1/11)

Calculus



𝑆 = {𝑎, 𝑏, 𝑐, 𝑑}

We write 𝑎 ∈ 𝑆 to denote that 𝑎 is an element of the 

set 𝑆. The notation 𝑒 ∉ 𝑆 denotes that 𝑒 is not an 

element of the set 𝑆. 
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Sets (2/11)

Calculus



Example1:

For each of the following sets,
determine whether 3 is an element of that set.

1,2,3,4

1 , 2 , 3 , 4

1,2, 1,3
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Sets (3/11)

Calculus



Example1:

For each of the following sets,
determine whether 3 is an element of that set.

3 ∈ 1,2,3,4

3 ∉ 1 , 2 , 3 , 4

3 ∉ 1,2, 1,3
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Sets (3/11)

Calculus



Empty Set

There is a special set that has no elements. This

set is called the empty set, or null set, and is

denoted by ∅.

The empty set can also be denoted by { }

30©Ahmed Hagag Calculus

Sets (4/11)



Cardinality

The cardinality is the number of distinct elements 

in 𝑆. The cardinality of 𝑆 is denoted by 𝑆 .
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Sets (5/11)



Example1

𝑆 = {𝑎, 𝑏, 𝑐, 𝑑}
𝑆 = 4

𝐴 = {1, 2, 3, 7, 9}
𝐴 = 5

∅ =
|∅| = 0
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Sets (6/11)
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Example2

𝑆 = 𝑎, 𝑏, 𝑐, 𝑑, 2

𝑆 = 5

𝐴 = {1, 2, 3, {2,3}, 9}
𝐴 = 5

{∅} = { }
∅ = 1

Sets (7/11)



34©Ahmed Hagag Calculus

Infinite 

A set is said to be infinite if it is not finite.

The set of positive integers is infinite.

𝑍+ = {1,2,3, … }

Sets (8/11)



If 𝐴 and 𝐵 are sets, then 𝐴 and 𝐵 are equal if and 

only if ∀𝑥(𝑥 ∈ 𝐴 ↔ 𝑥 ∈ 𝐵). We write 𝐴 = 𝐵, if 𝐴
and 𝐵 are equal sets.

• The sets {1, 3 , 5} and {3, 5 , 1} are equal, 

because they have the same elements.

• {1 , 3 , 3 , 5 , 5 , 5} is the same as the set 

{1, 3 , 5} because they have the same elements.
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Sets (9/11)

Calculus
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Subset 

The set 𝐴 is said to be a subset of 𝐵 if and only if
every element of 𝐴 is also an element of 𝐵 .

We use the notation 𝐴 ⊆ 𝐵 to indicate that
𝐴 is a subset of the se𝑡 𝐵 .

𝐴 ⊆ 𝐵 ↔ ∀𝑥(𝑥 ∈ 𝐴 → 𝑥 ∈ 𝐵)

Sets (10/11)



Sets (13/24)

To show that two sets A and B are equal,
show that 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴.
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Subset 



Sets (14/24)

Proper Subset 

The set 𝐴 is a subset of the set 𝐵 but that 𝐴 ≠ 𝐵,
we write 𝐴 ⊂ 𝐵
and say that 𝐴 is a 𝐩𝐫𝐨𝐩𝐞𝐫 𝐬𝐮𝐛𝐬𝐞𝐭 of 𝐵.

𝐴 ⊂ 𝐵 ↔ ∀𝑥 𝑥 ∈ 𝐴 → 𝑥 ∈ 𝐵 ∧ ∃𝑥 𝑥 ∈ 𝐵 ∧ 𝑥 ∉ 𝐴
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The Function:

39©Ahmed Hagag

Functions (1/12)

Calculus

Machine

Ex. 

4 → 2
16 → 4
…



The Function 𝒇:𝑫 → 𝑬
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Functions (2/12)

Calculus

A function 𝑓 is a rule that assigns to each element x in a set D exactly 

one element, called 𝑓(𝑥), in a set E.



The Function 𝒇: 𝑨 → 𝑩
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Functions (3/12)

Calculus

𝑎
𝑏
𝑐
𝑑
𝑒

1
2
3
4
5
6
7

𝑨 → 𝑩

Domain = 𝑎, 𝑏, 𝑐, 𝑑, 𝑒

Co-Domain = 1,2,3,4,5,6,7

Range = {1,3,4,5,7}

ex.  𝑓 𝑎 = 1, 𝑓 𝑒 = 5,…



The Function 𝒇: 𝑿 → 𝒀

42©Ahmed Hagag

Functions (4/12)

Calculus



Function of Circle’s Area:

• The area 𝐴 of a circle depends on the radius 𝑟 of the 

circle. The rule that connects 𝑟 and A is given by the 

equation 𝑎 = 𝜋𝑟2. With each positive number 𝑟 there is 

associated one value of 𝐴, and we say that 𝐴 is a function

of 𝑟.

• 𝐴 = 𝑓 𝑟 = 𝜋𝑟2

where 𝑟 is the independent variable and 𝐴 is the 

dependent variable.

43©Ahmed Hagag

Functions (5/12)

Calculus

Area



Example4:

Is the following rules define 𝑦 as a function of 𝑥?
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Functions (6/12)

Calculus



Example4:

Is the following rules define 𝑦 as a function of 𝑥?
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Functions (6/12)

Calculus



Example5:

Is the following rules define 𝑦 as a function of 𝑥?
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Functions (7/12)

Calculus



Example5:

Is the following rules define 𝑦 as a function of 𝑥?
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Functions (7/12)

Calculus



Representations of Functions:

• The function can be represented in different ways: 

➢ by an equation, 

➢ in a table, 

➢ in words, 

➢ Or by a graph.
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Functions (8/12)

Calculus



Representations of Functions (Equation):

• Equation in implicit form:

𝑥2 + 2𝑦 = 1

• Equation in explicit form:

𝑦 =
1

2
1 − 𝑥2

• Function notation

𝑓 𝑥 =
1

2
1 − 𝑥2
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Functions (9/12)

Calculus



Representations of Functions (Table):

𝑓 𝑥 = 2𝑥
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Functions (10/12)

Calculus

𝒙 𝒇(𝒙)

−2 −4

−1 −2

0 0

1 2

2 4

0.5 1



Representations of Functions (in words (verbally)):

𝑓 𝑥 = 𝑥2

• The function is described in words:

Let 𝑓 𝑥 be the squared value of 𝑥. The rule that the value 

of squared 𝑥 is equal to 𝑥 × 𝑥. 
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Functions (11/12)

Calculus



Representations of Functions (Graph):
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Functions (12/12)

Calculus

GraphArrow Diagram



Representations of Functions (Graph):

The Vertical Line Test:
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Functions (12/12)

Calculus

𝒚 = 𝒇 𝒙 𝒚 = 𝒇 𝒙



Four types of inequalities to compare real numbers:
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Domain & Range (1/37)

The double inequality 𝑎 < 𝑏 < 𝑐 is shorthand for the pair 

of inequalities 𝑎 < 𝑏 and 𝑏 < 𝑐. 



Intervals

on the

Number Line
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Domain & Range (2/37)

Closed 

Interval 

1



Intervals

on the

Number Line
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Domain & Range (2/37)

Opened 

Interval 

2



Intervals

on the

Number Line
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Domain & Range (2/37)

3



Intervals

on the

Number Line
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Domain & Range (2/37)

4



Intervals

on the

Number Line
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Domain & Range (2/37)

5



Intervals

on the

Number Line
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Domain & Range (2/37)

6



Intervals

on the

Number Line
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Domain & Range (2/37)

7



Intervals

on the

Number Line
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Domain & Range (2/37)

8
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Domain & Range (13/37)

Calculus

We read “ 𝒇(𝒙) ” as “ 𝒇 of 𝒙 ”
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Domain & Range (14/37)

Calculus



Example1:

Find the domain and range of the following function.
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Domain & Range (15/37)

Calculus



Example1:

Find the domain and range of the following function.

66©Ahmed Hagag

Domain & Range (15/37)

Calculus

Domain is [−𝟓, 𝟒). 

Range is [−𝟐, 𝟔].



Example2:

Find the domain and range of the following function.
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Domain & Range (16/37)

Calculus



Example2:

Find the domain and range of the following function.
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Domain & Range (16/37)

Calculus

Domain is [−𝟏, 𝟒]. 

Range is [𝟎, 𝟑].



Example3:

Find the domain and range of the following function.
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Domain & Range (17/37)

Calculus

Domain is (−∞,∞). 

Range is (−∞,∞).



Example3:

Find the domain and range of the following function.

70©Ahmed Hagag

Domain & Range (17/37)

Calculus

Domain is ℝ. 

Range is ℝ.



Example4:

Find the domain and range of the following function.
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Domain & Range (18/37)

Calculus



Example4:

Find the domain and range of the following function.
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Domain & Range (18/37)

Calculus

Domain is ℝ. 

Range is [−𝟒,∞).



Example5:

Find the domain and range of the following function.
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Domain & Range (19/37)

Calculus



Example5:

Find the domain and range of the following function.
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Domain & Range (19/37)

Calculus



Example6:

Find the domain and range of the following function.
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Domain & Range (20/37)

Calculus



Example6:

Find the domain and range of the following function.
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Domain & Range (20/37)

Calculus



Implied Domain:

• The domain of a function can be described explicitly, or 

it may be described implicitly by an equation used to 

define the function. The implied domain is the set of all 

real numbers for which the equation is defined, whereas 

an explicitly defined domain is one that is given along 

with the function. 
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Domain & Range (21/37)

Calculus



For example, on one hand, the function

𝑓 𝑥 = 𝑥 + 2, 1 ≤ 𝑥 ≤ 4

has an explicitly defined domain given by {𝑥: 1 ≤ 𝑥 ≤ 4}. 

On the other hand, the function

𝑓 𝑥 = 𝑥 + 2

has an implied domain … ?
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Domain & Range (22/37)

Calculus



For example, on one hand, the function

𝑓 𝑥 = 𝑥 + 2, 1 ≤ 𝑥 ≤ 4

has an explicitly defined domain given by {𝑥: 1 ≤ 𝑥 ≤ 4}. 

On the other hand, the function

𝑓 𝑥 = 𝑥 + 2

has an implied domain that is the set of real numbers.
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Domain & Range (22/37)

Calculus

−∞,∞



Polynomial Function:

The most common type of algebraic function is a 

polynomial function: A function 𝑃 is called a polynomial if

where 𝑛 is a nonnegative integer and the numbers 

𝑎0, 𝑎1, 𝑎2, . . . , 𝑎𝑛 are constants called the coefficients of the 

polynomial. The domain of any polynomial is ℝ.

Domain & Range (23/37)
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Example1:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2

Any number may be squared, so the domain is the set of all 

real numbers ℝ, written (−∞,∞).
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Domain & Range (24/37)

Calculus



Another example, on one hand, the function

has an explicitly defined domain given by {𝑥: 4 ≤ 𝑥 ≤ 5}. 

On the other hand, the function 

has an implied domain ...?
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Domain & Range (25/37)

Calculus



Another example, on one hand, the function

has an explicitly defined domain given by {𝑥: 4 ≤ 𝑥 ≤ 5}. 

On the other hand, the function 

ℝ− {±2}

has an implied domain that is the set {𝑥: 𝑥 ≠ ±2}.
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Domain & Range (25/37)

Calculus



CAUTION:

When finding the domain of a function, there are two 

operations to avoid:

(1) dividing by zero; and 

(2) taking the square root (or any even root) of a negative 

number.
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Domain & Range (26/37)

Calculus



Example2:

Find the domain of the following function.

𝑓 𝑥 =
3

𝑥
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Domain & Range (27/37)

Calculus



Example2:

Find the domain of the following function.

𝑓 𝑥 =
3

𝑥

𝑓 is defined for 𝑥 ≠ 0. 

So, the domain of the function is ℝ − 0 . 

Also, the domain is (−∞, 0) ∪ 0,∞ .
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Domain & Range (27/37)

Calculus



Example3:

Find the domain of the following function.

𝑓 𝑥 =
𝑥

𝑥2 − 1
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Domain & Range (28/37)

Calculus



Example3:

Find the domain of the following function.

𝑓 𝑥 =
𝑥

𝑥2 − 1

𝑓 is defined for 𝑥2 − 1 ≠ 0. Therefore, 𝑥 ≠ ±1. 

So, the domain of the function is ℝ − ±1 .

Also, the domain is (−∞,−1) ∪ (−1,1) ∪ 1,∞ .
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Domain & Range (28/37)

Calculus



Example4:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 1

𝑥2 − 𝑥 − 12
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Domain & Range (29/37)

Calculus



Example4:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 1

𝑥2 − 𝑥 − 12
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Domain & Range (29/37)

Calculus

Using Quadratic Formula, the solutions of the quadratic 

equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 are

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

at most two roots



Example4:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 1

𝑥2 − 𝑥 − 12

𝑥2 − 𝑥 − 12 = 0

𝑎 = 1

𝑏 = −1

𝑐 = −12
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Domain & Range (29/37)

Calculus

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎



Example4:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 1

𝑥2 − 𝑥 − 12

𝑥2 − 𝑥 − 12 = 0

𝑎 = 1

𝑏 = −1

𝑐 = −12
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Domain & Range (29/37)

Calculus

𝑥 =
1 ± 1 + 48

2
=
1 ± 7

2

𝑥 = −3,        𝑥 = 4



Example4:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 1

𝑥2 − 𝑥 − 12

So, the domain of the function is ℝ − −3, 4 .

Also, the domain is (−∞,−3) ∪ (−3, 4) ∪ 4,∞ .
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Domain & Range (29/37)

Calculus



Example5:
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Domain & Range (30/37)

Calculus



Example5:

NO, because the domain of the function 𝑓 is ℝ− 1 . 

However, the domain of the function 𝑔 is ℝ.
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Domain & Range (30/37)

Calculus



Example6:

Find the domain of the following function.

𝑓 𝑥 = 𝑥 − 1
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Domain & Range (31/37)

Calculus



Example6:

Find the domain of the following function.

𝑓 𝑥 = 𝑥 − 1

The domain is the set of all 𝑥-values for which 𝑥 − 1 ≥ 0, 

which is the interval [1,∞).
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Domain & Range (31/37)

Calculus



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6
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Domain & Range (32/37)

Calculus



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6

𝑥2 − 𝑥 − 6 ≥ 0
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Domain & Range (32/37)

Calculus



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6

𝑥2 − 𝑥 − 6 = 0

𝑎 = 1

𝑏 = −1

𝑐 = −6
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Domain & Range (32/37)

Calculus

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6

𝑥2 − 𝑥 − 6 = 0

𝑎 = 1

𝑏 = −1

𝑐 = −6
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Domain & Range (32/37)

Calculus

𝑥 =
1 ± 1 + 24

2
=
1 ± 5

2

𝑥 = −2 ,    𝑥 = 3



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6

𝑥2 − 𝑥 − 6 ≥ 0

(𝑥 + 2)(𝑥 − 3) ≥ 0

102©Ahmed Hagag

Domain & Range (32/37)

Calculus

Roots: 𝑥 = −2 ,    𝑥 = 3

−2 3

−−−−−++++ ++++



Example7:

Find the domain of the following function.

𝑓 𝑥 = 𝑥2 − 𝑥 − 6

𝑥2 − 𝑥 − 6 ≥ 0

(𝑥 + 2)(𝑥 − 3) ≥ 0

103©Ahmed Hagag

Domain & Range (32/37)

Calculus

Roots: 𝑥 = −2 ,    𝑥 = 3

−2 3

−−−−−++++ ++++

Therefore, the domain is −∞,−2 ∪ [3,∞).



Example9:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 3

𝑥 − 2
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Domain & Range (33/37)

Calculus



Example9:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 3

𝑥 − 2

Numerator is defined for all real numbers.

Denominator is defined for 𝑥 − 2 > 0. Then, 𝑥 > 2. 

So, the domain of the function is the interval (2,∞).
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Domain & Range (33/37)

Calculus



Example10:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 3

𝑥 − 2
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Domain & Range (34/37)

Calculus



Example10:

Find the domain of the following function.

𝑓 𝑥 =
2𝑥 + 3

𝑥 − 2

Numerator is defined for all real numbers.

Denominator is defined for: 

1) 𝑥 ≥ 0 and   2) 𝑥 − 2 ≠ 0 (i. e., 𝑥 ≠ 4)

So, the domain of the function is the interval 0,∞ − {4}.
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Video Lectures

https://www.youtube.com/playlist?list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1BhAll Lectures: 

Lecture #1:  https://www.youtube.com/watch?v=pUAaasolcVk&list=PLxIvc-MGOs6hMiR2Xis-

mJ1sXNwWsZ1Bh&index=1

https://www.youtube.com/watch?v=DWc2g0SddpM&list=PLxIvc-MGOs6hMiR2Xis-

mJ1sXNwWsZ1Bh&index=2
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https://www.youtube.com/watch?v=l7T6DBeMa0A&list=PLxIvc-MGOs6hMiR2Xis-

mJ1sXNwWsZ1Bh&index=3

https://www.youtube.com/watch?v=09wg9Pgpa6c&list=PLxIvc-

MGOs6gkSl_PPAVJpebKDLo-ijEC&index=2 Up to time 01:41:35

https://www.youtube.com/playlist?list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh
https://www.youtube.com/watch?v=pUAaasolcVk&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=1
https://www.youtube.com/watch?v=pUAaasolcVk&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=1
https://www.youtube.com/watch?v=DWc2g0SddpM&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=2
https://www.youtube.com/watch?v=DWc2g0SddpM&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=2
https://www.youtube.com/watch?v=l7T6DBeMa0A&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=3
https://www.youtube.com/watch?v=l7T6DBeMa0A&list=PLxIvc-MGOs6hMiR2Xis-mJ1sXNwWsZ1Bh&index=3
https://www.youtube.com/watch?v=09wg9Pgpa6c&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=2
https://www.youtube.com/watch?v=09wg9Pgpa6c&list=PLxIvc-MGOs6gkSl_PPAVJpebKDLo-ijEC&index=2


Dr. Ahmed Hagag
ahagag@fci.bu.edu.eg


	Slide 1: Calculus
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98
	Slide 99
	Slide 100
	Slide 101
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107
	Slide 108
	Slide 109

